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Abstract— The system throughput performance of an
ultra-wideband (UWB) communication system applying bi-
nary pulse position modulation (PPM) is investigated. The
optimum impulse shift is analytically derived for the AWGN
channel. The information throughput of an UWB system in
AWGN channel has been optimized by adjusting the time
overlap of the pulse shape used according to the actual
signal-to-noise ratio (SNR).
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I. INTRODUCTION

The Ultra-wideband technology was first patented for
communications in 1961 by Hoeppner [1]. Since then
many attempts have been reported for building up short to
medium range data transmission systems applying UWB at
the physical layer (PHY) [2], [3]. The main advantages of
UWRB systems are the potential for very high data rates at
low power operation and the possibility for real time sub-
decimeter positioning [4], [5]. Recent developments shift
the technology from military to civilian applications [6],
[7], [8]. Regulation bodies in the US and Europe are on
the way to release rules for UWB systems operation [9],
[10], [11].

An UWB system applying time spreading of bits into
chips is considered, where each chip is represented by one
impulse. Furthermore is soft integration of the chip cor-
relation results assumed before bit decision. Blanking is
not necessary due to the additive white Gaussian noise
(AWGN) channel and a single user case assumption [12].
A loss in bit error ratio performance due to a increased
sensitivity against AWGN caused by a impulse overlap can
be compensated by increasing the number of chips per bit.
Such a time overlap between possibly transmitted symbols
is introduced in order to shorten transmit symbol time Tg.
Therefore it must be analyzed which loss in bit error ratio
results from that and how much more bit energy is needed
for compensation. The aim of this work is to get the opti-
mum value of symbol duration Tg for a maximal average
channel information throughput I as a function of a certain
impuls shape i(t) and the signal-to-noise ratio SNR.

PPM, also called disjoint PPM (DJPPM) [13] is one of
the basic modulation schemes with information coded into
time of appearance of a certain impulse in one out of M
possible disjointed time slots. Maximizing the channel in-
formation throughput for DJPPM is achieved by shorten-
ing the impulse duration 7, and increasing the symbol al-
phabet M [14]. Therefore the transmit symbol time for
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DJPPM can in general be given by (1).
Tspjppm = Tw - M (1)

An other approach is useful in practical cases, where the
impulse width is fixed and power constraints exist. This
is overlapping PPM (OPPM) [15], that splits the transmit
symbol time into M overlapping time slots. The value of
overlap in time is considered to be 7,. Thus another useful
variable for the time shift between impulses that follow
one after the other may be introduced as well. This is
ts = Tw — To. Summarizing the transmit symbol time for

OPPM can be given by (2).
Ts,oppm = ts - (M — 1) + 7 (2)

Applying OPPM the signals at the input of the decision
device in the optimal correlator receiver become correlated
and the decisions will be more channel noise sensitive keep-
ing the the impulse energy constant. Hence the bandwidth
efficiency can be increased at expense of a rised sensitivity
against AWGN however. As one can expect, there should
exist an optimal overlap depending on the signal-to-noise
ratio and the impulse shape used. Starting with no over-
lap the transmit symbol time Tg is quite large while the
AWGN sensitivity is minimal. The opposite extreme case is
the almost total overlap yielding minimal Tg but maximal
sensitivity against AWGN. In between an optimal overlap
giving the maximal average channel information through-
put should exist. Deriving this optimal overlap analytically
for the typical UWB received impulse shape [16] and the
special case of binary OPPM is the intention of the follow-
ing analysis subsection.

II. UWB INFORMATION THEORY
A. Basic Approach

In [17] the error ratio performance of PPM, MPPM and
OPPM in the indoor wireless optical channel has been in-
vestigated for a rectangular pulse shape. The error perfor-
mance of M-ary modulation was identified assuming high
SNR environment allowing simplified analysis based on the
minimum distance criterium. The general spirit of the in-
tense background light channel model used in [17] and may
also be applied to the UWB evaluation assuming AWGN as
the only distortion of the received signal. But a high SNR
assumption is inapplicable as well as the impulse shape i (t)
is far more complex in the UWB case [16]. A variable 7,
may represent a time normalization to keep i(t) indepen-
dent from a specific impuls duration.

i (;) - (1 - 47r(jn)2> exp <—27r(7_tn)2> (3)
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If a signal described in (3) is partly overlapped with its
replica like in the OPPM case the correlation between two
of those signals versus time shift is shown in figure 1. The
analytical expression describes (4) [16].

Considering two correlators as shown in Fig.2 the input
into the decision device will be the difference of both cor-
relation paths.

Since these values include the information as well as a
noise part the channel variance parameter oc? has to be
transformed from the input of the correlator to its output
for a later analysis. Doing so the variance at the input
of the decision device op? becomes a function of the cor-
relation p(ts/m) and the impuls energy E;. For the full
evaluation see appendix A.

Fig. 3 shows that the correlator now converts binary data
into analog signal values at certain times in front of the
noise source of op?. So the discrete-time AWGN memory-
less channel can be used further on. The average mutual
information between the discrete input X = {xo,...,xMm}
and continues output Y = {—o0, 00} is given [18, eq.7-1-18]
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Fig. 3. transmission path before and after the noise tranformation

by the capacity of this channel in bits/channel use as

Within this equation P(x;) represents the probability of
occurrence of the channel input symbol x;, which is defined
by the information source. Furthermore p(y|x;) is the con-
ditional probability density function defined by the discrete
input continuous output transmission channel.

B. Analysis

For the channel model used with equal energy input sym-
bols the maximum of the right hand side of (5) is achieved,
if the input symbols are equally distributed. Thus for the
binary case P(x;) = 1/2.

The meaning of x; in (5) is, that it represents the ex-
pected input at the decision device in case there is no dis-
tortion of the transmitted signal. In the binary case with
equal energy signals considered here this input is the dif-
ference of the two correlator outputs.

ED = Cout (.'IJ()) — Cout (l’]) (6>

This output depends on the correlation between possi-
bly transmitted symbols which itself is a function of the
transmitted pulse shape i(t/m,) and the normalized time
shift :—S A new variable Ep is introduced describing the
expected output of the correlator in the undisturbed case.
Then (5) becomes

Clts) = ;/p(mED)lOng(i('f)D)der
17 p(y|~Ep)
2Zp(yl—ED) log, o0 dy. (7)

The capacity is a function of the SNR, of the time shift ts
and of the pulse shape. With increasing SNR. the capacity
increases as well. This holds for any time shift and any
impulse shape. The capacity is expressed in bits per chan-
nel input symbol. In case of binary input it can become 1
at maximum. To get a criterium for the system efficiency
this capacity needs to be multiplied by the number of input
symbols per time unit. Then the normalized capacity does
incorporate the gain in time by shortening the symbol time



compared to the orthogonal transmission case, where the
symbol time is twice the impulse width (like in DJPPM).
As the time shift tg increases the number of input symbols
per fixed time unit increases as well.

The probability density function (pdf) at the decision
device is the sum of the two Gaussian pdfs p(y | Ep) and
p(y | —Ep) with variance op? around the expected values
at the decision device, Ep and —Ep, respectively. By in-
troducing ®(zg) as a Gauss function with the requested
properties,

_ =g’
e 20p2

®(zq) = (8)

1
2\ 2mop

the following actual distributions can be used with (7):

p(y|Ep) = @+ Ep) 9)
p(y|-Ep) = &(z—Ep) (10)
p) = L (®(x+Ep)+ Bz +Ep) (1)
H(Y') can now be written as
H(Y) =
—% / ®(x + Ep) - log, (q)(x *Ep) —; LGl ED)) dx
f% / ®(x — Ep) - log, <<I>(x +Ep) ;_ Oz = ED)) dz
B (12

The remaining terms of (7) represent the entropy that was
added by the channel an can be written as

H(Y|X) =
;_/ ®(z + Ep) - log, <<I>(!E + ED))dx
% 7 ®(x — Ep) - log, (<I>(x - En>)dw (13)

The capacity can thus be expressed as
1T e
ts)=1-1 -— T g(t) dt 14
Clt) =1-logy e - 5= [ g @t ()

where

2Ep

g(t) = log, (e—2t2 te <t2+(t7 2 )2)
,(t2+(t+ +e(2t2+2(t+j§%)z)> .

It is shown in Appendix A that the noise at the decision
device is a gaussian process with the variance op? = 2E; -
oc? - (1 — p). The part of the output that depends on the
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transmitted symbol is shown to be Ep = (1 — p)E;. As
g(t) depends only on the relation of these terms, and not
on either one of them seperately, C(¢,) is a function of the
signal-to—noise ratio.

In Fig. 4 the mutual information normalized to a fixed
time unit versus the time shift between two possible trans-
mit symbols is presented. This is calculated for the impulse
shape described by (3) for different SNR. As shown in Fig.
4 there exist a maximum in mutual information for a cer-
tain time shift, which depends on the SNR. The higher the
SNR, the smaller is the optimum time shift.

In Fig. 5 the optimum time shift versus the SNR is shown
for the impulse shape described by (3). It can be seen, that
with decreasing SNR the value asymptotically converges to
a limit, which is 0.5408. This is due to the nature of the
received pulse shape yielding a minimal correlation at this
time shift (see Fig. 1).

III. CONCLUSIONS

The optimal impulse shift position in case of binary over-
lapping PPM (20PPM) has been analytically derived for



the AWGN channel for different impulse shapes. It is
shown that the channel capacity of an UWB system in
AWGN channel can be optimized by adjusting the time
overlap of the pulse shape used according to the actual
SNR. Especially in the case of very high data rate transmis-
sion (like video in home environment) where higher SNR
and small spreading is assumed this dependency should be
considered in system design in order to optimally use the
channel and thus maximize system information through-
put.
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APPENDICES
I. VARIANCE TRANSFORMATION

In order to determine which symbol was probably sent
based on the received signal, it is common for PPM to
correlate the received signal r(t) with templates. These
templates should have the same shape as the pulse used by
the sender, i(t). The correlator is applied for the possible
positions of the pulse. The most likely symbol should yield
the greatest correlation coefficient, for the binary case this
results in the decision described in (16)

/r(t)i(t)dt z /r(t)i(t —tg) dt (16)
0 0

r(t) consists of the sent signal tz(t) and the channel noise
n(t), which is assumed to be gaussian.

r(t) = tx(t) + n(¢) (17)
Insertion of (16) into (17) yields
Tg Ts
tr)it)dt + [ n()i(t)dt
0 0
S———— ———
term a; term by
zo
2 (18)
z1
Tg Ts
/t:c(t)i (t—to)dt + /n(t)i (t — ts) dt
0 0
term ag term by

For the two terms (a) containing the signal, it is obvious
that one of the integrals should represent the energy of the
pulse E;, as either i (t) or i (t — t) represent the signal itself.
If the signals in their possible positions i(t) and i(t — tg)
are correlated by p, the other term (b) should return the
correlation coefficient p of these pulses in the respective
position times the energy of the pulse. The value Ep that
feeds the decision device will thus be decreased by E; - p
Ep = (1 - p)E; (19)
If the possible pulse positions are correlated, so will be the
noise terms. This information will be lost once the integrals
over the noise terms are solved in (18). It is, however,
possible to calculate the variance of the overall correlated



noise which disturbs the signal. The overall noise process
can be described as

np(t) =n(t)i(t) + (— n()i(t —ts))

As shown in appendix B, the sum (difference) of two gaus-
sian distributed variables with zero mean and variance o>
can be expressed as one zero-mean gaussian process with
variance

(20)

Ugum/difference = 202(1 + p) (21)

Assuming the variance of the noise process n(t) is o2, the
variance of each of the two terms in (20) can be shown to
be

n(t)i (t)n(r)i () dt dr
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= oc2/ooi()()dt Eioc (22)
Their correlation is B
Dbiby = O_%/ / n(t+7)(—i(t—ts+7)))dtdr
- //M—T J(=i(t =ty + 7)) dt dr
= —— [i@it—7)dt=—p (23)

Ei

Thus, the noise at the decision device is a gaussian process
with zero mean and variance

2 =92F;-0c%-(1-p) (24)

and therefore the bit error probability for the binary cor-
related transmission becomes
Ei(1—p) 1

- Ql 2E; - 0c%(1 — p)
e
oc

PError

7w

II. ADDING GAUSSIAN DISTRIBUTED VARIABLES

Let fi(x) and f,(y) be two Gaussian distributed vari-
ables with expectation E[X] = E[Y] = 0 and variance
E[X?] = E[Y?] = ¢% Further let them be correlated by
EX Y] = p. According to [19], page 748, their pdf is

O'

1 % — 2pxy + y?
exp _—

el I

fay(z,y) =

2mo?

[20], page 185, gives an equation to calculate the pdf of
Z=X+Y:

oo

1) = [ Juytanz = o)is

— 00

(27)

By combining (26) and (27) it can be found that

_ 2?2 —2px(x—2)+(x—2)°> :|
202(1—p?)

f (J) ) = 71 ex |:
zy\ T, Y 5 /71 5 p

The integral (28) was solved and some simplifications were
carried out to find that

fzy(xvy) =

2
1 exp [_ Z]
V2mo - \/2(1 4+ p) 202 -2(1 + p)
(29)
This equation was compared to the Gauss function. It is
obvious from the comparation that the sum of two gaussian
distributed variables with expectation 0, variance o and
correlation coefficient p is once again gaussian distributed
with expectation 0 and variance 20%(1 + p).

III. ENTROPY OF NOISY SIGNALS

To find the entropy of the signal at the decision device,

some simplifications are carried out in (12). The term

% in the first integral is replaced by t; for the sec-
D

IED

ond integral, t = NP

is used for the simplification. Due

dx

V2op
After applying this, the two integrals can be transformed to

one. It is now possible to make all terms inside the integral
only dependent on the quotient Ep " Just one term, which
has to be added to the integral, w1ll contain op. Using the
expression ¢(t) as defined in (15),

to this replacement, the new integrant will be dt =

oo

1
e g(t)dt

ENG

—0o0

10g2(2\ﬁ‘7D)

H(Y) = (30)

The two terms in (13) both express the intropy of gaussion
noise, wich is known to be

H(WGN) = log,(vV2rop)

The fact that the mean of the distributions is non-zero
does not change their entropy. Thus, it is obvious that

= log, (V27op)

The final result, which is already given in (14), is easily
found by substracting (32) from (30).

(31)

H(Y[X) (32)



